The longitudinal impedance of an array of cylindrically symmetric cavities connected by side pipes is estimated in the high-frequency limit. The expression for the impedance is obtained for an arbitrary number of the cavities. The transition from the case of a single cavity to a periodic structure is studied. The impedance per cell decreases with frequency w as w e-1/2 for a small number of cells. For a large number of cells the impedance decreases as w -l/2 or as wT3J2 depending on a certain relation between the frequency and the number of cells.
INTRODUCTION
There is a pronounced trend in the recent conceptual designs of the next generation of linear colliders, FEL drivers and synchrotron light sources: they all use many bunches with small bunch lengths. Evaluations of the stability of the particle motion and of the corresponding current limitations in all such devices require an accurate estimate of the impedances1 for the high-frequency region.
There is a certain discrepancy at present time in the estimates of the longitudinal impedance, obtained for different models. The optical resonator model,2 which is applied to an infinite periodic set of thin discs, predicts a decrease in the longitudinal impedance with frequency as wV3j2 and some numerical calculations are consistent with this result.3 On the other hand, the analytical evaluations of the longitudinal impedance for a single cavity4'5 give a quite different behavior: the impedance goes down as w -li2. This dependence for a single cavity was also obtained in a simple diffraction mode1. [6] [7] [8] In this paper we find agreement with the results obtained in both models. The observed difference in behavior of the impedance obtained in the two models can be attributed to the fact that the region of applicability for each model is different.
Here we present an analytical evaluation of the longitudinal impedance for an idealized RF system, namely, for a linear array of M cylindrically symmetric cavities connected by a pipe of a radius a. The frequencies w under consideration are well above the cutoff frequency of the pipe but at the same time small in comparison to the particle Lorentz factor 7: 1 < wale < 7 .
(1) Figure 1 gives the layout of the geometry considered and the coordinate system used. Each cell consists of a cavity with a side pipe. The length of a cavity is g, the radii of the cavity and of the pipe are b and a, respectively. The total length of a cell is L. At the entrance and at the exit the system of cells is connected to semi-infinite pipes of the same radius a. The number of cavities M is considered to be a variable parameter. In the limit of small M M 1 our calculation gives the same result as one obtained for a single cavity. When M is very large there are two frequency regions with different behavior of the impedance. In the asymptotic region of extremely large frequencies the impedance decreases as wB1i2. For moderate (but still very large) frequencies, which satisfy a criterion developed in the paper, the impedance falls as w -3/2. We give the parameter which governs the transition from one regime to another. In particular, for the infinite periodic structure, there is only the second regime and the impedance decreases as w -312
for all high frequencies. Such behavior of the impedance agrees perfectly with the results mentioned above.
The crucial point in calculations of the radiation fields for any periodic structure is an accurate description of the interference of waves produced in different cells. The interference pattern of a field in a periodic structure can be built up only if the structure is long enough. Let us consider the phase shift A4 = $i(.ra -a) -42 -tl)
between two waves radiated by a relativistic particle with velocity v at two obstacles with coordinates zr and 22 = zr + S along the structure at the moments tr and t2 = tr + S/V, correspondingly. The longitudinal component of the wave vector lcll for a structure with a transverse dimension a is related to the frequency in the following way:
where u is of the order of one. For a relativistic particle 11 M c and in the highfrequency limit ka > v the phase shift is of order of S/2ka2. For the interference to be of any importance the phase shift in Eq. (2) has to be of the order of ?r or larger. This means that for a periodic structure with the cell length L the number of cells A4 = S/L must satisfy the following inequality:
Note that this requires larger M if the frequencies under consideration become higher. If condition (3) is satisfied, behavior similar to that of an infinite periodic structure can be expected. Otherwise, the impedance per cell is close to the impedance of a single cavity. For an accelerator with a given length or a given M the behavior of the impedance per cell in the limit k ---+ 00 is always the same as that for a single cavity. The condition in Eq. (3) is necessary but not sufficient.
The sufficient criterion is given below.
In the next section the solution of the Maxwell equations, with appropriate boundary and matching conditions, is represented by an expansion of the Fourier harmonics of the field in a series of eigenmodes with unknown coefficients. An exact infinite system of linear algebraic equations for these coefficients is derived.
The impedance is expressed in terms of these coefficients. In Sec. 3 the solution of the system is found in the zeroth approximation.
In the next section an improved diagonal approximation is described for a particular case of a single cavity. We demonstrate how the basic system of equations can be simplified to make it solvable. Here we follow the derivation of our previous paper5 and reproduce the result for a single cavity. In Sec. 5 the developed method is used to derive an explicit expression for the longitudinal impedance of an array of cavities with an arbitrary number of cells. In the next section this expression is used to derive the longitudinal impedance averaged over a suitable frequency interval for a system with a small number of cavities. We obtain here the first two terms of a series in a parameter which depends on M and the frequency. The main term reproduces the same dependence as that for a single cavity. In Sec. 7 we consider the system with a large number of cells. We show that for an infinite periodic structure the behavior of the longitudinal averaged impedance decreases as wm312 in agreement with the optical resonator model. For a finite number of cavities there is always an asymptotic region of frequencies where the average longitudinal impedance per one cell decreases as ws1j2, i.e., in the same way as for a single cavity. The criterion for the transition from the regime w -3/2 to the regime w -li2 is given. In conclusion we discuss the approximations used and the implication of the results for accelerator design and for the evaluation of the total energy loss for a bunch of particles distributed over a finite length.
THE BASIC SYSTEM OF EQUATIONS
Due to the axial symmetry of the problem, the cylindrical coordinate system with radial coordinate r and longitudinal coordinate z is appropriate. We choose the plane z = 0 to coincide with the beginning of the first cavity. For cylindrically symmetric (monopole) modes, Fourier harmonics of the electric field generated by a particle with charge e and velocity u moving along the axis of the system can be written as a sum of the field of a particle in a pipe and the radiation field 
Here and throughout the rest of this paper the subscript w is omitted. The radiation field components inside the N-th cavity a < r < b, NL<z<NL+g
pn = bdk2 -Ai, An = nr/g, <N=z--NL . (4) and (5) and Eqs. (7) and (8) 
Substituting Eqs. (14) and (15) 
1 , Xq' -00 (18) where the following notations are introduced:
(20)
In the rest of the paper we assume that b > a since when b = a all C,(k) = 0 identically. Consequently, all A(q) = 0 and there is no radiation produced as it should be in a smooth pipe.
We look for the solution of Eq. (18) 
That enables us to obtain the following system of equations for B:(q):
. where the summation is performed up to 1 which satisfy inequality ul 5 ka.
The longitudinal impedance in terms of the coefficients J3$ is M-l 00
N=O n=O
So far the system, Eq. (26), is the exact set of equations defining the radiation of an ultrarelativistic particle.
THE ZEROTH ORDER APPROXIMATION
The system, Eq. (26), is too complicated to be solved exactly. In the highfrequency limit we can expect that it can be solved by the method of iterations.
In the zeroth order approximation we neglect the second term in the brackets in 
Practically, we are interested in ReZ averaged over some interval of wave numbers Ak. It is clear that Ak has to be large in comparison with the difference between resonance frequencies 6 k
The choice of an appropriate Ak can be made in the following way. The factor IVn(k)12 g iven by Eq. (22) h as a maximum value of order of (g/2)2 for n = no and rapidly decreases as (r/g/n -~~01)~~ for n # no where kg no=-.
[ 1 7r (39)
Here the square brackets mean the integer part of the argument.
The main contribution to the impedance is therefore given by mode no which, of course, is different for different k. Hence, it is convenient to choose the averaging interval
which for large k is large in comparison with the difference Eq. (38). 
only by a numerical factor of z/3. Numerical calculations confirm that this result is independent of the choice of the size of the interval Ak.
We conclude that with good accuracy the main contribution to the impedance comes from eigenmodes with eigennumbers n = no and 0 5 1 I lmaz -
This result has a very simple physical meaning. For a pillbox cavity the eigenmode with the eigennumbers (n, I) >> 1 is characterized by the wave number
The mode can be considered as a wave with wave vector components kl = d/g and ICI1 = nr/g. Interaction of a particle with the wave gives a contribution to the impedance for a frequency w if w/c M k,l and the phase shift within the time of flight through the cavity g/v is small:
For a relativistic particle and for n = no from Eq. (39), this condition means that 1 < dm which is essentially the same as given by Eq. (42).
The zeroth order approximation does not take into account either the interference of the radiation from different cavities or the finite widths of the resonances contributing to the impedance. In the next section we derive a method which allows us to improve the calculations.
DIAGONAL APPROXIMATION
We start with a somewhat simpler case of a single cavity. In this particular case Eq. (26) takes the form:
In the zeroth order approximation the sum on the right hand side of this equation was neglected altogether. The approximation can be improved by taking into account the fact that the main contribution to the sum is given by the diagonal term m = n. All the other terms give only small corrections and can be taken into account by the method of iterations. In this diagonal approsimation5
we get for the impedance the following expression: 
The resonance frequency shift, given by ReI'i, is small and the expansion around a resonance frequency k,l takes the form:
where R,, = -al2
Hence, in the diagonal approximation ReZ is not singular, as it was in the zeroth approximation in Eq. (37), although it may have rather sharp peaks if ml is small. That is the main qualitative feature of the diagonal approximation for a single cavity.
The ratio of the resonance width ml to the distance between adjacent resonances 6k is small for the resonances with 1 < Ima=: Therefore, the averaging over Ak for resonances with different I may be performed independently. Since the integral over a Breit-Wigner resonance does not depend on its width, the result for the real part of the impedance is the same as in Eq. (43). The diagonal approximation allows us to estimate corrections, given by the next iterations, and to prove that in the high-frequency limit they are small.5
GENERAL EXPRESSION FOR THE LONGITUDINAL IMPEDANCE
Consider now a structure consisting of M cells. The interference of waves, generated in different cells is crucial to the evaluation of the impedance for the multi-cell structure and has to be taken into account. We describe the interaction of a particle with each cell in the same way as it is done above for a single cavity. 
By omitting the terms with N' > N we neglect the interaction of a particle with the waves traveling in the opposite direction. In particular, we neglect the decay of the modes in the cavities into these waves. Since we do that in the nondiagonal terms, for consistency the same should be done in the diagonal terms as well. In other words, Im I'in in the definition of y(k) Eq. (49) should be divided by 2.
Equations (57) are the recurrence relations between coefficients Br. All the coefficients can be found sequentially starting with the zeroth one :
Notice that expression (58) gives the impedance of a single cavity.
It is also possible to solve the system of Eqs. (57) explicitly.
To do that we notice that the N-th coefficient is expressed through coefficients with indices 
Here the function Tn(t, k) E I'n(S, k). Th e only singularity inside the contour is at the point t = 0. The function Z'n(t, k) may be expanded into series over t: 
The same result can be obtained by solving the triangular matrix equation (57) directly.
In <Cl .
An estimate for om gives in this case:
and from Eq. 
The average impedance per cell is now given as an expansion:
in a parameter r -M1/2/(ka)3/2 which is small, provided the condition in Eq. (74) is fulfilled. In this case, the real part of the impedance per cell is the same as that for a single cavity. Notice that the condition in Eq. (74) is the opposite of the condition in Eq. (3).
For large M expansion (77) is not applicable. This case is considered in the next section.
LARGE NUMBER OF CAVITIES
All roots of Eq. (66) are pure imaginary. To prove that it is convenient to change the independent variable of the integrand in Eq. (63): s = it. Neglecting exponentially small terms with 1 > ka/rrr, the function Pn(t, k) E I'n(it, k) can be rewritten as where the factor
is introduced.
Formula (80) has also an equivalent integral form: j
The impedance in this form can be averaged over the frequency interval 
is approximately independent of 1. Performing now the summation over I in Eq. (83) and using the estimate IVn12 = (g/2)2 for the most important values n N no we get:
where
;F(t;2M) (Iarcy') .
-T
To evaluate function ((t, k) we notice that each root defined by Eq. (84) lies between such frequencies for which one of cot x,1 is infinite. For our purpose it is sufficient to estimate Re P,(t, k) for t < 1. For such values of t, substantial contribution to the sum give terms for which L(k -ul) -t << 1. Using the estimate IVn12 B (g/2)2 and retaining the first terms in the expansions of cot ~,4/2
in small values +l < 1 and of ul in small values ul/ku we obtain:
Here the summation over 1 can be extended to infinity since the terms with large 1 do not change the result. For ((t, k) in Eq. (86) we obtain:' For an infinite periodic array of cavities
and, according to Eq. (82), th e real part of the impedance for such a structure can be expressed as a sum of b-functional contributions from each eigenmode.
This is similar to a pill box cavity, since modes of an infinite array of cavities are stationary. 
The intermediate region is the transition area. The transition from one regime to another is illustrated in Fig. 3 . This result agrees well both with numerical calculations fulfilled for a small number of cavities7 and with the optical resonator model.2
The fast decrease of the real part of the impedance as km3i2 has a direct implication on the design of a short bunch accelerator. Indeed, had the asymptotic decrease of the longitudinal impedance followed the law kb1j2, the main contribution to the total energy loss would be given by the high-frequency tail of the impedance and the total energy loss would depend on the longitudinal rms of the bunch Q as u-lj2. The situation is quite different when the impedance falls off as k-3'2. In this case, the total energy loss is defined by the low-frequency range of the impedance and, in general, is smaller than in the first case.
The appropriate parameters for two accelerators, the Stanford Linear Collider (SLC) and the TeV Linear Collider (TLC), are given in Table 1 For the considered accelerators, Ma is given in the last row of the table.
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